Abstract. In the present article, we develop the analysis of the following nonlinear elliptic system of equations
Introduction
A contact manifold (M, ξ) is a 2n+1 dimensional manifold equipped with a completely non-integrable distribution of rank 2n, called a contact structure. Complete non-integrability of ξ can be expressed by the non-vanishing property λ ∧ (dλ) n = 0 for a 1-form λ which defines the distribution, i.e., ker λ = ξ. Such a 1-form λ is called a contact form associated to ξ. Associated to the given contact form λ, there is the unique vector field X λ named the Reeb vector field, determined by X λ ⌋λ ≡ 1, X λ ⌋dλ ≡ 0.
In relation to the study of pseudo-holomorphic curves, one considers an endomorphism J : ξ → ξ with J 2 = −id| ξ and regard (ξ, J) as a complex vector bundle. In the presence of the contact form λ, one usually considers the set of J that is compatible to dλ in the sense that the bilinear form g ξ = dλ(·, J·) defines a Hermitian vector bundle (ξ, J, g ξ ) on M . We call the triple (M, λ, J) a contact triad.
Motivated by the already well-established Gromov's theory of pseudo-holomorphic curves, in his study of the Weinstein's conjecture in 3 dimension for over-twisted contact structure, Hofer [H1] (and others follow) studied pseudo-holomorphic curves in the symplectization W = R + × M with symplectic form ω = d(rλ) or in R × M with ω = d(e s λ) with r = e s with cylindrical almost complex structure given by Aimed at a better understanding of the contact manifold itself instead of its symplectization, we focus on looking at the smooth maps w :Σ → M from the (punctured) Riemann surface (Σ, j) to the contact manifold M itself. By decomposing the tangent bundle into T M = ξ ⊕ R{X λ } and denoting the projection to ξ by π, one can further decompose d π w := πdw = ∂ π w + ∂ π w into the J-linear and anti-J-linear part as w * ξ-valued 1-forms on the punctured Riemann surfaceΣ. We start with the maps w satisfying just ∂ π w = 0, which is a nonlinear degenerate elliptic equation.
Definition 1.1 (Contact Cauchy-Riemann Map). Let (M, λ, J) be a contact triad and let (Σ, j) be a (punctured) Riemann surface. We call any smooth map w :Σ → M a contact Cauchy-Riemann map if it satisfies ∂ π w = 0.
To maximize the advantage of using the tensor calculus in the analytic study of the contact Cauchy-Riemann maps in the present paper, we use the contact triad connection the present authors introduced in [OW1] associated to the contact triad (M, λ, J): The contact triad connection in particular preserves the triad metric defined by g = g ξ + λ ⊗ λ.
In Section 2, we recall further properties of the connection proved in [OW2] , which will enable us to perform tensor computations in an efficient way.
Denote by ∇ the contact triad connection on M and ∇ π the associated Hermitian connection on the Hermitian vector bundle (ξ, dλ| ξ , J), various symmetry properties carried by the connections ∇ and ∇ π enable us to derive the following precise formulae concerning the second covariant differential of w and the Laplacian of the π-harmonic energy density function for any contact Cauchy-Riemann map w.
Theorem 1.2 (Fundamental Equation
. Let w be a contact Cauchy-Riemann map. Then
Define the ξ-component of the standard harmonic energy density function by e π := |d π w| 2 := |πdw| 2 , and further introduce the following and call it the π-harmonic energy of the smooth map w.
Since we do not vary j, J in the present paper, we will just denote E π (w) := E π (λ,J) (w, j) from now on. Theorem 1.4. Let w be a contact Cauchy-Riemann map. Then
where K is the Gaussian curvature of the given Kähler metric h on (Σ, j) and Ric Notice that due to the dimension reason, the contact Cauchy-Riemann map itself is not an elliptic system. To conduct geometric analysis, we augment the equation ∂ π w = 0 by another equation
and define Definition 1.5 (Contact Instanton). Let (Σ, j) be a (punctured) Riemann surface as above. We call a pair (j, w) of j a complex structure onΣ and a map w :Σ → M a contact instanton if they satisfy
We would like to point out that the system (1.1) (for a fixed j) forms an elliptic system, which is a natural elliptic twisting of the Cauchy-Riemann equation ∂ π w = 0. (We refer to [Oh2] for the elaboration of this point of view.) Another point which is worthwhile to point out is that while the first part of the equation involves first derivatives, the second part of the equation involves second derivatives of w. Therefore it is not enough to have W 2,2 a priori estimate to get a classical solution out of a weak solution, and hence establishing at least W 3,2 coercive estimate is crucial to start the bootstrapping arguments.
The following a priori local C k -estimates for such a map is derived by using tensorial calculations with the help of the contact triad connection. Theorem 1.6. Let (Σ, j) be a be a punctured Riemann surface possibly with empty set of punctures. Let w :Σ → M satisfy (1.1) and dw C 0 < ∞ onΣ. For any open domains D 1 and D 2 inΣ such that
for any contact instanton w, where P(k; D 1 , D 2 )(s, t) is some polynomial function of s, t up to 0, . . . , k of degree at most 2k + 4 depending also on D 1 , D 2 and Ric ∇ π C k , L X λ J C k and K C k ;D2 , but independent of w. In particular, any weak solution of (1.1) in W 1,4 loc automatically becomes the classical solution.
We also establish the following global W k,2 -estimates in terms of |d π w| ∈ L 2 ∩L 4 and w * λ C 0 < ∞ onΣ.
Theorem 1.7. Let (Σ, j) and w satisfying (1.1) onΣ as above. If |d π w| ∈ L 2 ∩ L Here J ′ k+1 a polynomial function of the norms of the covariant derivatives of d π w, w * λ up to 0, . . . , k with degree at most 2k + 4 whose coefficients depend on
We refer to Theorem 5.6 and 5.7 and discussions around them for further expounding of these estimates.
Equipping each puncture with a cylindrical end, for simpleness, we just look at w : [0, ∞) × S 1 → M that satisfies (1.1). There are two natural asymptotic invariants T which we name the asymptotic contact action and Q which we name the asymptotic contact charge defined as
For the asymptotic behavior of the contact instanton map near each puncture of the punctured Riemann surface, we provide the following asymptotic convergence result under a suitable finite energy hypothesis. For this study, it is an important ingredient to classify the massless instanton (i.e., E π (w) = 0) on the cylinder R×S 1 equipped with the standard complex structure j. This is where the main difference between Q = 0 and Q = 0 occurs. Proposition 1.8. Let w : R×S 1 → M be a massless contact instanton. Then there exists a leaf of the Reeb foliation such that we can write w ∞ (τ, t) = γ(−Q τ + T t), where γ is a parameterization of the leaf satisfyingγ = X λ (γ).
In particular, if T = 0, γ is a closed Reeb orbit of X λ with period T . In addition if Q = 0, w ∞ is τ -translational invariant.
If T = 0 and Q = 0, the leaf may not be a closed leaf but a non-compact immersed image of R in general.
We refer readers to Theorem 6.4 and around for more precise assumption for the following theorem. Theorem 1.9. Let w be any contact instanton on [0, ∞)×S 1 with finite π-harmonic energy
and finite gradient bound dw C 0 ;[0,∞)×S 1 < ∞. Then for any sequence s k → ∞, there exists a subsequence, still denoted by s k , and a massless instanton w ∞ (τ, t) (i.e., E π (w ∞ ) = 0) on the cylinder R × S 1 such that
uniformly on K × S 1 for any given compact set K ⊂ R. Furthermore if Q = 0 and T = 0, where w ∞ (τ, t) ≡ γ(T t) for some closed Reeb orbit γ of period T , the convergence is exponentially fast. Theorem 1.9 (and Proposition 1.8) generalizes Hofer's subsequence convergence result, which was proved in [H1] and roughly corresponds to the exact case (i.e., Q = 0 in our setting) in the context of symplectization. Further, it is well-known from [HWZ1, HWZ2, HWZ3] that, when (γ, T ) is a nondegenerate (more general, MorseBott type) Reeb orbit, the limit z does not depend on the choice of subsequences and the convergence is exponentially fast. In this paper, motivated by the method from [MT] , [Oh1] , we provide a new way, called the three-interval method, of proving the exponential decay for the nondegenerate limiting Reeb orbit when the charge Q = 0 (and its Morse-Bott analogue in the sequel [OW2] ).
From the technical point of view, using the global and canonical tensorial calculations for the energy density estimates established (see Part 1), we establish not only the a priori estimates in contact manifolds without getting into symplectization, but also use coordinate-free tensorial calculation to prove the exponential decay unlike as in [HWZ1, HWZ2, HWZ3] (as well as [HWZ4] , [Bo] for the Morse-Bott case) in which coordinate calculations using some special coordinates. This tensorial calculation shows its power when combined with the usage of contact triad connection from [OW1] and the three-interval method as presented in Section 9 (and [OW2] for the Morse-Bott case).
We would also like to remark that the possibility of applying such three-interval method to the solution of our contact instanton equations or pseudo-holomorphic curves in symplectization, highly depends on our new interpretation of the convergence behavior under the π-harmonic energy in cylindrical ends, see Section 6. To be specific, the uniform convergence in τ on any given compact set is the key observation which seems to have not been exploited in such limiting analysis given before (e.g., [H1] ). Actually, as pointed out before, for a much more general family of such type geometric PDEs, with this general fact being observed, the threeinterval method applies without any trouble whenever the limiting operator is of nondegenerate (or Morse-Bott) type and hence the exponential decay follows.
Also from our asymptotic analysis for (1.1), the new phenomenon of the appearance of the 'spiraling' instantons along the 'rotating' Reeb orbits is observed when the charge is nonzero.
As addressed before, our original motivation to study this new elliptic system lies in our attempt to directly handle the contact manifold itself without taking its symplectization, hoping that it may give rise to an invariant of contact manifold itself rather than that of symplectization. Indeed the question if two contact manifolds having symplectomorphic symplectization are contactomorphic or not was addressed in the book by Cieliebak and Eliashberg (p. 239 [CE] ). In this regard, Courte [Co] recently provided a construction of two contact manifolds that have symplectomorphic symplectizations which are not contactomorphic (actually, even not diffeomorphic). With the asymptotic behavior being well-understood in the future, it would be interesting to see whether our study leads to a construction of genuinely contact topological quantum invariants of the Gromov-Witten or Floer theoretic type that can be used to investigate the following kind of question. (See [Co] where a similar question was explicitly stated.) Question 1.10. Does there exist contact structures ξ and ξ ′ on a closed manifold M that have the same classical invariants and are not contactomorphic, but whose symplectizations are (exact) symplectomorphic?
We would like also to recall the celebrated result by Ruan [Ru] in symplectic geometry where using the Gromov-Witten invariant, he discovered a pair of algebraic surfaces which have the same classical invariants but whose products with S 2 are not symplectically deformation equivalent.
We end the introduction section with the following historical recount on the equation (1.1). After the preliminary version of the present paper was posted in the arXiv e-print, the authors were informed that the equation (1.1) was first mentioned by Hofer in p.698 of [H2] . Then its expected application to the Weinstein conjecture for dimension 3 was pursued by Abbas-Cielibak-Hofer in [ACH] and Abbas [A] , as well as by Bergmann in [B1, B2] . We would like to point out that their equations correspond to our instanton equations of vanishing charge, i.e., Q = 0, and the new asymptotic behavior we addressed here is somehow related to the compactification difficulty exposed in [B1] .
Part 1. Geometric analysis of contact Cauchy-Riemann maps
In this part, we exercise canonical tensorial calculations involving the π-harmonic energy density exploiting various defining properties of the contact triad connection, and establish the basic local a priori C k estimates for k ≥ 2 under the presence of the derivative bound and the bound for the π-harmonic energy for the contact Cauchy-Riemann map and the contact instanton maps.
Review of the contact triad connection
A 2n + 1 dimensional smooth manifold M equipped with a co-dimension 1 distribution ξ is called a contact manifold, if ξ is the kernel of some locally defined 1-form λ ∈ Ω 1 (M ) with the property that λ ∧ (dλ) n is nowhere vanishing. If ξ is co-oriented, one can choose a global 1-form λ so that ker λ = ξ.
As an immediate consequence from the definition of such 1-form, (ξ, dλ| ξ ) becomes a symplectic vector bundle over M of rank 2n, and we call ξ the contact structure or contact distribution. The 1-form λ is called a contact form of ξ, and it defines the Reeb vector field X λ by requiring X λ ⌋dλ ≡ 0 together with the normalization condition λ(X λ ) ≡ 1. With the contact 1-form λ being chosen, there comes a natural splitting of the tangent bundle
We denote by π λ the projection from T M to ξ induced by such splitting, and Π λ : T M → T M the idempotent associated to π λ , i.e., the endomorphism of T M satisfying Π λ 2 = Π λ , Im Π λ = ξ, ker Π λ = R{X λ }. We will omit λ in the notations whenever there is no danger of confusion.
From the definition of the contact structure, the contact distribution ξ is maximally nonintegrable. The famous Weinstein conjecture states that every Reeb vector field X λ must have at least one closed integral orbit. We remark that the choice of contact forms is not unique, and for any positive (or negative) function f ∈ C ∞ (M ), f · λ is also a contact 1-form. Throughout this paper, we fix the contact form λ. We introduce a Hermitian structure to the symplectic vector bundle (ξ, dλ| ξ ), i.e., a complex structure J ∈ End(ξ) with J 2 = −id| ξ , and dλ| ξ (J·, J·) = dλ| ξ (·, ·), where the latter is called the compatibility condition for complex structures. We extend J to an endomorphism of T M by introducingJX λ = 0, and we omit˜if there occurs no confusion. We call the triple (M, λ, J) a contact triad and equip it with the Riemannian metric g = dλ| ξ (·, J·)+ λ⊗ λ which we call the contact triad metric. Denote by g ξ := dλ| ξ (·, J·) the Hermitian inner product of the Hermitian bundle ξ → M . We remark that with the contact triad metric, a contact triad carries the same information as a contact metric manifold (see [Bl] ).
We remark that since L X λ λ = 0 = L X λ dλ, the Reeb vector field is a Killing vector field with respect to the triad metric if and only if L X λ J = 0. In general, this is an extra requirement, and for contact manifolds of dimension 3, it is equivalent to the Sasakian condition.
In this section, we review the properties of the contact triad connection associated to every contact triad (M, λ, J) introduced by the authors in [OW1] , where the existence and uniqueness of such connection were proved. The contact triad connection enables us to derive several identities related to the energy density formula for contact Cauchy-Riemann maps in coordinate-free forms, which forms the main content of Part 1.
Theorem 2.1 (Contact Triad Connection [OW1] ). There exists a unique affine connections ∇ associated to every contact triad (M, λ, J) satisfying the following properties:
(1) ∇ is a metric connection of the triad metric, i.e., ∇g = 0; (2) The torsion tensor of ∇ satisfies T (X λ , ·) = 0; (3) ∇ X λ X λ = 0, and ∇ Y X λ ∈ ξ for any Y ∈ ξ; (4) ∇ π := π∇| ξ defines a Hermitian connection of the vector bundle ξ → M with the Hermitian structure (dλ| ξ , J); (5) The ξ projection of the torsion T , denoted by T π := πT satisfies the following property:
We name ∇ the contact triad connection.
The contact triad connection ∇ canonically induces a Hermitian connection for the Hermitian vector bundle (ξ, J, g ξ ) with g ξ = dλ(·, J·)| ξ . We denote this vector bundle connection by ∇ π and call it the contact Hermitian connection, which will be used to derived π-energy estimates in later sections.
Recall that the leaf space of Reeb foliations of the contact triad (M, λ, J) canonically carries a (non-Hausdorff) almost Kähler structure which we denote by ( M , dλ, J). We would like to note that Axioms (4) and (5) are nothing but properties of the canonical connection on the tangent bundle of the (non-Hausdorff) almost Kähler manifold ( M , dλ, J ξ ) lifted to ξ. (In fact, as in the almost Kähler case, vanishing of (1, 1)-component also implies vanishing of (2, 0)-component and hence the torsion automatically becomes (0, 2)-type.) On the other hand, Axioms (1), (2), (3) indicate this connection behaves like the Levi-Civita connection when the Reeb direction X λ get involved. Axiom (6) is an extra requirement to connect the information in ξ part and X λ part, which uniquely pins down the desired connection.
Moreover, the following fundamental properties of the contact triad connection was proved in [OW1] , which will be used to perform our tensorial calculations. Corollary 2.2. Let ∇ be the contact triad connection. Then
(1) For any vector field Y on M ,
We end this section with the following Remark 2.3. In [OW1] , the authors considered an R-family of affine connections associated the contact triad (M, λ, J) with the Condition (6) in Theorem 2.1 being
The results corresponding to Corollary 2.2 in this case become (1) For any vector field Y on Q,
(2) λ(T | ξ ) = (1 + c)dλ. The contact triad connection corresponds to the one with c = 0 and the connection with the simplest torsion in the family corresponds to c = −1.
The contact Cauchy-Riemann maps
Denote by (Σ, j) a punctured Riemann surface (including closed Riemann surfaces without punctures). Recall that for a fixed smooth map w :Σ → M , (w * ξ, w * J, w * g ξ ) becomes a Hermitian vector bundle over the punctured Riemann surfaceΣ, which introduces a Hermitian bundle structure on Hom(TΣ, w * ξ) ∼ = T * Σ ⊗ w * ξ overΣ, with the inner product given by
, and h is the Kähler metric on the punctured Riemann surface (Σ, j).
Let ∇ π be the contact Hermitian connection. Combine the pulling-back of this connection and the Levi-Civita connection of the Riemann surface, we get a Hermitian connection for the bundle T * Σ ⊗ w * ξ →Σ, which we will still denote by ∇ π by a slight abuse of notation. The smooth map w has an associated π-harmonic energy density defined as the norm of the section d π w := πdw of T * Σ ⊗ w * ξ →Σ. In other words, it is a function e π (w) :Σ → R defined by e π (w)(z) := |d π w| 2 (z). (Here we use | · | to denote the norm from ·, · which should be clear from the context.)
Similar to the standard Cauchy-Riemann maps for almost Hermitian manifold (i.e., the pseudo-holomorphic curves), we have Proposition 3.2. Fix a Kähler metric h of (Σ, j), and consider a smooth map w :Σ → M , then we have
(1) e π (w) := |d π w| 2 = |∂ π w| 2 + |∂ π w| 2 ; (2) 2 w * dλ = (−|∂ π w| 2 + |∂ π w| 2 ) dA where dA is the area form of the metric h onΣ;
As a consequence, if w is a contact Cauchy-Riemann map, i.e., ∂ π w = 0, then
Proof. The proofs of (1), (2) are exactly the same as the case of pseudo-holomorphic maps in symplectic manifolds with replacement of dw by d π w and the symplectic form by dλ and so omitted. (See e.g., Proposition 7.19 [Oh1] for the statements and their proofs in the symplectic case corresponding the statements (1), (2) here.) Statement (3) follows from the definition of the Hodge star operator which shows that for any 1-form β on the Riemann surface * β = −β•j, and we take β = w * λ.
Notice that the contact Cauchy-Riemann map itself is not an elliptic system since the symbol is of rank 2n which is 1 dimension lower than T M . Here enters the closedness condition d(w * λ • j) = 0 leading to an elliptic system
We name a solution of this system of equations a contact instanton which is the main object that we are going to study in the paper.
To illustrate the effect of the closedness condition on the behavior of contact instantons, we look at them on closed Riemann surface and prove the following classification result. The following proposition is stated by Abbas as a part of [A, Proposition 1.4] . For readers' convenience, we separate this part for closed contact instanton (which is named as the homologically perturbed pseudo-holomorphic curve in [A] ) and give a proof somewhat different therefrom.
Proposition 3.3. Assume w : Σ → M is a smooth contact instanton from a closed Riemann surface. Then
(1) If g(Σ) = 0, w can only be a constant map; (2) If g(Σ) ≥ 1, w is either a constant or has its locus of its image is a closed Reeb orbit.
Proof. Since for contact Cauchy-Riemann maps, Proposition 3.2 implies that |d π w| 2 = d(2w * λ). By Stokes' formula, we get d π w = 0 if the domain is a closed Riemann surface, and further, dw = w * λ ⊗ X λ , i.e., w must have its image contained in a single leaf of the (smooth) Reeb foliation.
Another consequence of the vanishing d π w = 0 is dw * λ = 0. Now this combined with the equation d(w * λ • j) = 0, which is equivalent to δw * λ = 0, implies that w * λ (so is * w * λ) is a harmonic 1-form on the Riemann surface Σ. If the genus of Σ is zero, w * λ = 0 by the Hodge's theorem. This proves the statement (1). Now assume g(Σ) ≥ 1. Suppose w is not a constant map. Since Σ is compact and connected, w(Σ) is compact and connected. Furthermore recall w(Σ) is contained in a single leaf of the Reeb foliation which we denote by L. We take a parametrisation γ : R → L ⊂ M such thatγ = X λ (γ(t)). By the classification of compact one dimensional manifold, the image w(Σ) is homeomorphic to the unit closed interval or the circle. For the latter case, we are done.
For the former case, we denote by I = ω(Σ) which is contained in the leaf L We slightly extend the interval
We denote by γ −1 :
. Now we denote by t the standard coordinate function of R and consider the composition f := γ −1 • w : Σ → R. It follows that f defines a smooth function on Σ satisfying γ • f = w on Σ by construction. Then recallingγ = X λ (γ), we obtain
Therefore ∆f = δdf = δw * λ = 0, i.e., f is a harmonic function on the closed surface Σ and so must be a constant function. This in turn implies w * λ = 0. Then
, w is a constant map which contradicts to the standing hypothesis. Therefore the map w must be constant unless the image of w wraps up a closed Reeb orbit.
Combining the above discussion, we have finished the proof.
Tensorial calculations for geometric energy density function
In this section, we use the contact triad connection to derive some identities related to the π-harmonic energy for contact Cauchy-Riemann maps. Our derivation is based on coordinate-free tensorial calculations. The contact triad connection fits well for this mission which will be seen clearly in this section.
We start with by looking at the (Hodge) Laplacian of the π-harmonic energy density function.
Standard Weitzenböck formula applied to ∇ π the pull-back of the contact Hermitian connection for w * ξ as well as for T * Σ ⊗w * ξ as described in Section 3 provides us the following formula
where e π := e π (w), K is the Gaussian curvature ofΣ, and Ric ∇ π is the Ricci tensor of the vector bundle w * ξ with respect to the connection ∇ π . For the readers' convenience, we give the proof of this formula in Appendix 12, and freely apply the notations used in Section 12.
Up to now, our w is an arbitrary smooth map which is not required to be a contact Cauchy-Riemann map. For contact Cauchy-Riemann maps, we would like to examine how d π w(= ∂ π w) is far away from a w * ξ-valued harmonic 1-form. We remark that any standard J-holomorphic map u in an almost Kähler manifold is always a u * T M -valued harmonic 1-form with respect to the canonical connection (see [Oh1] for its proof). For the current contact case, we explicitly calculate out the difference caused by Reeb projection now. We start with the following calculation of d Lemma 4.1. Let w :Σ → M be any smooth map. As a two-form with values in
where T π is the torsion tensor of ∇ π .
Proof. For given ξ 1 , ξ 2 ∈ Γ(T Σ), we evaluate
Here we used (2.2) and Axiom (3) for the last second equality. Rewrite the above result as
for any w, and we have finished the proof.
We would like to remark that readers should not get confused at the wedge product we used here, which is the wedge product for forms in the normal sense, i.e., (
and ζ is a section of E, with the one we defined in Appendix 13.
As an immediate corollary of the previous lemma applied to the contact CauchyRiemann maps, we derive the following formula and name it the fundamental equation. This is the contact analogue to the symplectic case in [Oh1, Proposition 7.27 ].
Theorem 4.2 (Fundamental Equation)
. Let w be a contact Cauchy-Riemann map, i.e., a solution of
Proof. The first equality follows since d π w = ∂ π w for the solution w. Also notice that being a contact Cauchy-Riemann map, it follows that
which is due to the torsion T π | ξ is of (0, 2)-type, in particular, has vanishing (1, 1)-component. Further we write (4.2) as
where we use the identity
Corollary 4.3 (Fundamental Equation in Isothermal Coordinates
Proof. We denote η = π ∂w ∂t . By the isothermality of the coordinate (τ, t), we have J
Now we evaluate each side of (4.3) against (
where we use the equation η = Jζ for the equality. By setting them equal and applying J to the resulting equation using the fact that L X λ J is anti-commuting with J, we have obtained the equation.
We are going to use the fundamental equation under the cylindrical coordinate (τ, t) ∈ [0, ∞) × S 1 to derive the exponential decay at cylindrical ends in Part 2. Lemma 4.5. For any smooth map w, we have
As a consequence,
Here for (4.6) and (4.8), we use * α = −α • j for any 1-form α. For (4.7), we use the connection is J-linear.
Lemma 4.6. For any contact Cauchy-Riemann map w,
Proof. The first equality immediately follows from the fundamental equation Theorem 4.2 for contact Cauchy-Riemann maps.
For the second equality, we calculate by writing
and then from the definition of the Hodge * (see
We would like to remark that, here in the above lemma ·, · denotes the inner product induced from h, i.e., α 1 ⊗ ζ, α 2 := h(α 1 , α 2 )ζ, for any α 1 , α 2 ∈ Ω k (P ) and ζ a section of E, which should not be confused with the inner product of the vector bundles.
We end this section by writing the Weitzenböck formula (4.1) into
for contact Cauchy-Riemann maps, whose derivation has already been shown from the context above.
A priori estimates for contact instantons
In this section, we derive some basic total energy density estimates for contact instantons. These estimates are important for the derivation of local regularity and ǫ-regularity needed for the compactification of certain moduli space (though we are not going to provide the compactification in this paper).
W
2,2 -estimates. Recall from the last section that we have derived the following identity
and the first entry in the last Laplacian term δ
Hence we get the bound for the last term δ
We further bound the last two terms of (5.2) as
similarly. Here c is any positive constant which will be determined later. Above all, we get the upper bound for
Now we consider contact instantons which are Cauchy-Riemann maps satisfying δw * λ = 0. By using the Bochner-Weitzenböck formula (for forms on Riemann surface), we get the following inequality
in which the first term vanishes since w satisfies the contact instanton equations. Then
Similarly as the previous estimates for the Laplacian term of ∂ π w, we can bound
At last, we calculate the total energy density which is defined as e(w) := |dw| 2 = e π (w) + |w * λ| 2 . Sum (5.1) and (5.4), and then apply the estimates (5.3) and (5.5) respectively, we have the following inequality for the total energy density
for any c > 1. We fix c = 2 and get the following Theorem 5.1. For contact instanton w, we have the following total energy density e = e(w) estimate
(5.7)
We want to get the coercive L 2 bound for ∇dw, which contains two parts given below according to the decomposition
For the first term on the right of (5.8), we can write
where (5.9) comes from the metric property of the contact triad connection together with (2.2). For the second term on the right of (5.8), we have
Sum them and go back to (5.8), we get
Hence from this, we have
and combine it with (5.7), we get
for any constant c > 1. We still take c = 2 and get the following coercive estimate for contact instantons
where
denotes a constant.
The local regularity follows from the following proposition, which is a consequence of use of cut-off function. We give the proof in Appendix 14 
for any contact instanton w, where C 1 (D 1 , D 2 ), C 2 (D 1 , D 2 ) are some constants which depend on D 1 , D 2 , (M, λ, J), but independent of w.
k,2 estimates for k ≥ 3. Starting from the above W 2,2 -estimate, we proceed the higher W k,2 -estimate inductively. For this purpose, consider the decomposition
and estimate |∇ k+1 d π w| and |∇ k (w * λ ⊗ X λ )| inductively by alternatively bootstrapping staring from k = 0 as for the case of |∇dw| in the previous subsection.
We start with estimating 
where R is a zero-order operator acting on the sections of w * ξ ⊗ T * Σ which depends only on the curvature of the pull-back connection ∇ π = w * ∇ π and the Levi-Civita connection of (Σ, h). In particular, R = R(dw, dw) quadratically depends on dw.
Therefore we have derived
Obviously the last two terms are bounded by the norm dw 2 k,2 . It remains to examine the integral
On the other hand, we compute
For this purpose, we quote the following lemma Lemma 5.3. For any ξ-valued 1-form α,
for some zero-order operator R :
depending only on the curvature as above. Equivalently
for the commutator [·, ·] .
where G k is a polynomial function of |d π w|, |w * λ| and their covariant derivatives up to order k. And applying the fundamental equation (4.3) to d
π w, the term itself has the bound
for similar polynomial function I k since |δ
We now summarize the above computations into
for a polynomial function J k of |d π w|, |w * λ| its covariant derivatives up to 0, . . . , k of degree at most 2k + 4.
Next we compute
Here we recall the formula ∇X λ in (2.2). Therefore it follows that
for a polynomial function L k similar to J k . We write
Applying the Weitzenböck formula for the 1-form onΣ, we obtain
Therefore we have obtained 
for a polynomial function L k of |d π w|, |w * λ| its covariant derivatives up to 0, . . . , k of degree at most 2k + 3. Now combining Propositions 5.4, 5.5, we derive
Here J ′ k+1 a polynomial function of covariant derivatives of |d π w|, |w * λ| up to 0, . . . , k with degree at most 2k + 4 whose coefficients are bounded by
Proof. It remains to check the second statement, which itself follows expressing the bound of dw 2 k,2 inductively staring from k = 1, i.e., Proposition 5.2. This finishes the proof.
Again similar inductive argument gives rise to the following local higher regularity estimates.
Theorem 5.7. Let (Σ, j) be a be a punctured Riemann surface possibly with empty set of punctures. Let w :
for any contact instanton w, where P(k; D 1 , D 2 ) is some polynomial function given which are independent of dw C 0 .
In particular, any weak solution of (3.2) in W 1,4 loc automatically lies in W 3,2 loc and becomes the classical solution, and also smooth.
Asymptotic behavior of contact instantons
In this section, we study the asymptotic behavior of the solutions of the contact instanton equations (3.2) from the Riemann surface (Σ, j) associated with a metric h with cylindrical ends. To be precise, we assume there exists a compact set K Σ ⊂Σ, such thatΣ−Int(K Σ ) is disjoint union of punctured disks each of which is isometric to the half cylinder [0, ∞) × S 1 or (−∞, 0] × S 1 , where the choice of positive or negative cylinders depends on the assignment of positive punctures or negative punctures. We denote by {p + i } i=1,··· ,l + the positive punctures, and by {p − j } j=1,··· ,l − the negative punctures. Here l = l + + l − . Denote by φ ± i such isometries from cylinders to disks. We first state the assumption for the study of puncture behaviors.
Definition 6.1. LetΣ by a punctured Riemann surface with punctures {p
··· ,l − equipped with a metric h with cylindrical ends outside a compact subset K Σ such thatΣ−Int(K Σ ) is isometric to the union of half cylinders as described above. Assume w :Σ → M be any smooth map. We define
where the norm is taken in terms of the given metric h onΣ and the triad metric on M .
We put the following hypotheses in our asymptotic study of the finite energy contact instanton maps w: Hypothesis 6.2. Let h be the metric onΣ given as above. Assume w :Σ → M satisfies the contact instanton equations (3.2), and
Throughout this section, we just work locally near one puncture, i.e., on D δ (p) \ {p}. By taking the associated conformal coordinates φ
we only look at the map w defined on the half cylinder [0, ∞) × S 1 → M without loss of generality from now on. The above finite π-energy hypothesis implies
in this coordinates. Let w be as in Hypothesis 6.2. We can associate two natural asymptotic invariants for each puncture (here we only look at one positive puncture for simple notations) defined by
Remark 6.3. For any contact instanton w, since
In the mean time, since d(w * λ • j) = 0, the integral
does not depend on s whose common value is nothing but Q.
We call T the asymptotic contact action and Q the asymptotic contact charge of the contact instanton w at the given puncture.
For a given contact instanton w : [0, ∞) × S 1 → M , define maps w s : [−s, ∞) × S 1 → M by w s (τ, t) = w(τ + s, t). For any compact set K ⊂ R, there exists some s 0 large such that every s ≥ s 0 , K ⊂ [−s, ∞). For such s ≥ s 0 , we also get an [s 0 , ∞)-family of maps by defining w
The asymptotic behavior of w at infinity can be understood by studying the limiting of the sequence of maps {w
First of all, it is easy to check that under the Hypothesis 6.2, the family {w
From (1) and (3) together with the compactness of the target manifold M (which provides the uniform L 2 (K × S 1 ) bound) and Theorem 5.7, we have
for some constant C K;(3,2) independent of s. Then by the compactness of the em-
is sequentially compact. Therefore, for any sequence s k → ∞, there exists a subsequence, still denote by s k , and some limit (may depend on the subsequence {s k }) w
Hence further together with (2), we get
as well as both (w
Notice that these limiting maps w K ∞ have common extension w ∞ : R × S 1 → M by the nature of the diagonal argument as taking a sequence of compact sets K in the way one including another and exhausting R. Then w ∞ is C 2 (actually C ∞ ) and satisfies
Also notice that both (w ∞ ) * λ and (w ∞ ) * λ • j are bounded harmonic 1-forms on R × S 1 , and hence they must be written into the forms
where a, b are some constants. Now we show that such a and b are actually related to T and Q as
By taking an arbitrary point r ∈ K, since w ∞ | {r}×S 1 is the limiting of some sequence w s k | {r}×S 1 in C 2 sense, we have
Here in the derivation, we used Remark 6.3. As we have already seen, and since the connectedness of [0, ∞) × S 1 , the image of w ∞ is contained in a single leaf of the Reeb foliation. Let γ : R → M be a parametrisation of the leaf so thatγ = X λ (γ), then can write w ∞ (τ, t) = γ(s(τ, t)), where s : R × S 1 → R and s = −Q τ + T t + c 0 since ds = −Q dτ + T dt, where c 0 is some constant.
Hence we can see, if T = 0, γ is a closed orbit of period T . If T = 0 but Q = 0, we can only conclude that γ is some Reeb trajectory parameterized by τ ∈ R. Of course, if both T and Q vanish, w ∞ is a constant map.
From the above, we have given the proof of the following theorem, which includes a special case, Q = 0, T = 0 and K = {0} that was given in [H1, Theorem 31]. Besides we look at two constants T and Q, we also emphasize the uniform convergence strengthened here which becomes an important ingredient in the proof of exponential convergence later in Part 2, as well as for the case of Morse-Bott situation the proof provided by the authors in [OW2] .
Theorem 6.4 (Subsequence Convergence). Let w : [0, ∞) × S 1 → M satisfy the contact instanton equations (3.2) and hypothesis (6.2).
Then for any sequence s k → ∞, there exists a subsequence, still denoted by s k , and a massless instanton w ∞ (τ, t) (i.e., E π (w ∞ ) = 0) on the cylinder R × S 1 such that lim
Further, we can write w ∞ (τ, t) = γ(−Q τ +T t), where γ is some Reeb trajectory, and for the case of Q = 0 or T = 0, γ is a closed Reeb orbit of X λ with period T .
From the previous theorem, we get the following corollary immediately. All the limits are uniform for (τ, t) on K × S 1 with compact K ⊂ R.
Proof. If any of the above limit doesn't hold uniformly (we take |π ∂w ∂τ (s + τ, t)| for example), then there exists some ǫ 0 > 0 and a sequence k → ∞,
However, from Theorem 6.4, we can take subsequence of s k such that w(s k + τ, t) converges to γ(−Q τ + T t) in a neighborhood of (τ 0 , t 0 ) ∈ K × S 1 , in C ∞ sense. Here γ is some Reeb trajectory. Then we get lim s→∞ |π ∂w ∂τ (s k + τ 0 , t 0 )| = 0 and get contradiction.
Once we establish this uniform decay, the last higher order decay result is an immediate consequence of the local pointwise higher order a priori estimates, Theorem 5.7.
Part 2. Asymptotic behavior of charge vanishing contact instantons
In this part, we further study the contact instantons with vanishing charge. To be specific, assume w :Σ → M is a contact instanton, i.e., satisfies (3.2), and Q i = 0 = Q j , for every i = 1, · · · , l + , j = 1, · · · , l − , where Q i , Q j denote the charges at the punctures p i , p j , where the notations here are the ones we introduced in Section 6. In other words, we require that w * λ • j is an exact 1-form when restricted to each cylindrical ends.
We would like to remark that the charge vanishing contact instantons are equivalent to the homological pseudo-holomorphic curves considered by Hofer [H2] and by Abbas-Cieliebak-Hofer [ACH] . The results in the part are basically not new and was studied in [H1] , [HWZ1, HWZ2] , [HWZ3] .
However, to prove the exponential decay of charge vanishing contact instantons at cylindrical ends to non-degenerate Reeb orbits, we provide a completely different and new method, named the three-interval method, which can also be applied to general evolution type geometric PDEs.
Linearization operator of Reeb orbits
As the beginning, we would like to study the linearization of the equatioṅ x = X λ (x) along a closed Reeb orbit, which is the (subsequence) limit of charge vanishing contact instantons as proved in Section 6. The materials in this section are mostly standard and well-known results in contact geometry. (See Appendix [ABW] for the exposition that is the closest to the one given in this section.) Since our systematic usage of the contact triad connection in the exposition gives rise to some explicit useful formulae occurring in this study which will be also important in our proof of exponential convergence, we provide precise statements and details of proofs of the results that will be relevant to the study of later sections.
Let γ be a closed Reeb orbit of period T > 0. In other words, γ : R → M is a periodic solution ofγ = X λ (γ) with period T , thus satisfying γ(T ) = γ(0).
We will call the pair (T, z) a Reeb orbit of period T instead for a such closed orbit γ of period T by writing z(t) = γ(T t) for a loop parameterized over the unit interval
of the Reeb vector field X λ , we can write γ(t) = φ t (γ(0)) for any Reeb trajectory γ. In particular p := γ(0) is a fixed point of the diffeomorphism φ T when γ is a closed Reeb orbit of period T . Since L X λ λ = 0, the contact diffeomorphism φ T canonically induces the isomorphism
which is the linearized Poincaré return map φ T restricted to ξ p via the splitting
Definition 7.1. We say a Reeb orbit with period T , (T, z), is nondegenerate if the linearized return map Ψ z : ξ p → ξ p with p = z(0) has no eigenvalue 1.
Denote Cont(M, ξ) the set of contact 1-forms with respect to the contact structure ξ and L(M ) = C ∞ (S 1 , M ) the space of loops z :
We would like to consider some Banach vector bundle L over the Banach manifold (0, ∞) × L 1,2 (M ) × Cont(M, ξ) whose fiber at (T, z, λ) is given by L 2 (z * T M ). We consider the assignment
which is a section of L. Then (T, z, λ) ∈ Υ −1 (0) if and only if there exists some Reeb orbit γ : R → M with period T , such that z(·) = γ(T ·).
We also denote DX λ : Ω 0 (ξ) → Ω 0 (ξ) the covariant derivative of X λ induced from the contact triad connection ∇ to highlight its aspect as a linear operator, whenever we feel convenient. The following derivation of the linearization of Υ is a routine exercise. Since it is not essential to our purpose in this paper, we omit its derivation only by stating the final result.
Lemma 7.2. For any torsion free connection,
,
and the last term δ λ X λ is some linear operator.
We remark that the contact triad connection we use in this paper is not torsionfree. However, when (T, z, λ) ∈ Υ −1 (0), i.e., z(·) = γ(T ·) for some γ which is a Reeb orbit with period T with respect to contact 1-form λ, the torsion Axiom (2) in Definition 2.1 is already enough to derive Lemma 7.2. From now on, we use the contact triad connection through out this section. We recall the readers that the linearization at (T, z, λ) ∈ Υ −1 (0) actually doesn't depend of the choice of connections.
In this paper we only need to look at the linearization restricted to subspace W 1,2 (z * ξ) for fixed (T, λ). Denote the corresponding operator by
We have the following characterization of the nondegeneracy condition.
Proposition 7.3. A closed Reeb orbit γ with period T is nondegenerate if and only if the ξ projection of the linearization restricted to W 1,2 (z * ξ), i.e.,
is surjective, where
The rest of the section will be occupied by the proof of this proposition. From Lemma 7.2 and Corollary 2.2, we compute
Since from Axiom (3) of Definition 2.1, the image of
be the covariant derivative of X λ with respect to the pull-back connection z * ∇ of the contact triad connection. Consider a Reeb orbit (T, z) i.e., a map z :
Proof. By definition, we have
and then apply (2.2), which proves the equality. Now recall the following whose proof is also given in Lemma 5.2 of he arXiv version of [OW1] .
Lemma 7.5 (Lemma 6.2 [Bl] ). Both (L X λ J)J and L X λ J are pointwise symmetric with respect to the triad metric of (M, λ, J).
Combining the above discussion, we have derived Proposition 7.6. The linear operator
is a self-adjoint operator. In particular, we obtain
Finally we are ready to prove the above analytic characterization of the nondegeneracy. By Proposition 7.6, the subjectivity of d Proposition 7.7. Let p = z(0) be a fixed point of φ T : M → M lying in the given Reeb orbit (T, z). Then there exists a one-one correspondence
between the set of eigenvectors v of Ψ γ = dφ T | ξp : ξ p → ξ p with eigenvalue 1 and the set of solutions η to
Proof. Recall that any closed Reeb orbit of period T has the form z(t) = φ tT (p) for a fixed point p of φ tT . Suppose η is a solution to 0 = d
of tangent vectors at p ∈ M , and so η(t) = dφ tT (v(t)). We compute ∇ t η(t) by considering the map Γ(s, t) = φ tT (α(s, t)) such that α(0, t) ≡ p and
α(s, t) = v(t) . Then we compute
and so
Here the second and the fourth equalities follow from the torsion property of the triad connection
The first term of the farthest right becomes
by the hypothesis that η satisfies the equation
Since η(0) = η(1), it implies that Jη(0) is an eigenvector of eigenvalue 1 if η(0) = 0. Conversely suppose that v is an eigenvector of φ tT : ξ p → ξ p . Then the above computation of v ′ applied to constant function v(t) ≡ v proves that the vector field
This proposition in particular finishes the proof of the statement that d π z Υ T,λ | W 1,2 (z * ξ) is surjective if and only if Ψ γ = dφ T | ξp has no eigenvalue 1 and so finish the proof of Proposition 7.3. Now we add the following additional nondegeneracy hypothesis of the relevant Reeb orbits.
Hypothesis 7.8 (Nondegeneracy). Assume that the T -periodic orbit in Hypothesis 6.2 is nondegenerate: If z(·) = γ(T ·) for a nondegenerate T -periodic Reeb orbit γ on M , we denote the S 1 -family of rotations of the loop z :
Since the linearization operator of the Reeb orbit z
has the form
Nondegeneracy hypothesis of z implies ker A z = {0} and then since the Fredholm index of A z is zero its cokernel is also trivial. We note that the operator A z :
is a self-adjoint unbounded operator and so has spectral decomposition with the minimal eigenvalue having a positive gap from 0.
Asymptotic behavior of the operators
The aim of this section is to make preparation for the proof of the exponential decay of any (charge vanishing) contact instanton w to some (non-degenerate) Reeb orbit by using the three-interval method which is given in the next section. All assumptions in this section can be achieved by looking at the subsequence convergence we have derived from Section 6.
In this section, we study a sequence of maps
l sense where w ∞ is a τ -translational invariant map satisfying w ∞ (τ, t) ≡ z(t) for a Reeb orbit z : S 1 → M . Here we can look at arbitrary l ≥ 2, which we fix throughout this section.
First, we look at the Banach bundle
With the assumption of the convergence of w k to z, we have
where Π is the parallel transport of the vector bundle ξ → M from w k (τ, ·) to z(·) via the connection ∇ π along the shortest geodesic. By the convergence w k → z, w k (τ, ·) lies in a small neighborhood of z in C l (S 1 , M ), and by the compactness of the image of z in M . In particular |w k (τ, t)− z(t)| ≤ ι g for all (τ, t) ∈ [0, 1] × S 1 and k and so Π is uniquely defined. Using the C 1 -closeness, it is easy to check that Φ k defines a bundle isomorphism and so define a trivialization of E k .
This trivialization Φ k canonically induces one on the induced bundle
. Now, in particular, we are interested in A k , where A k (τ ) can be considered as the linear operator mapping
Proof. The proof is an immediate consequence of the following geometric convergence result
t + B where B is the zero-order operator on w(τ, ·)
* ξ by
for η ∈ w(τ, ·) * ξ. Then using the J-linearity of the Hermitian connection ∇ π , we compute
Now for given τ , we consider the map
where we recall the definition E(x, y) = exp −1
x y. Then by definition of the parallel transport, we have Πη(t) = Ξ(1, t) where Ξ = Ξ(s, t) is the solution to the ordinary differential equation
which defines the parallel transport of η(t) along the geodesic s → Γ(s, t) := exp zτ (t) (sE(z τ (t), w(τ, t))).
Now we write
where Π s is the parallel transport from z τ to exp zτ (sE(z τ , w(τ, ·))). Then we compute
But we note
The constants C, C ′ appearing in the computations below may vary place by place but always depend only on the triad (M, λ, J) and the C 1 -bound of w. Using the equality |E(x, y)| = d(x, y) when d(x, y) is less than injective radius, it follows that
On the other hand,
It follows from the standard Jacobi field estimate [K] 
where the second inequality comes since ∂zτ ∂t = T X λ (z τ ) and ∂w ∂t → T |X λ | = T uniformly as τ → ∞. In summary, we have derived
Therefore we have established
Substituting this into (8.2), we have obtained
Here we also use the convergence |Π −1 BΠ(η) − DX λ (z τ )η| = o(τ )|η| from the expression of B (8.1) and the convergence λ( ∂w ∂τ ) → 0, λ( ∂w ∂t ) → T from Corollary 6.5, where the first convergence to zero follows from the assumption Q = 0. This finishes the proof of the lemma.
Here we denote by A ∞ the linearized operator A z introduced in Section 7. and ∇ z τ is the covariant derivative with respect to the trivial connection on Now let us assume ζ k is a section of the vector bundle w *
We also use ∇ π τ to denote the covariant derivative of the Banach bundle E k → [0, 1] induced form the pull-back connection w * ∇ π in the direction of ∂ ∂τ for every k.
After these preparation, we look at the following evolution equation
Lemma 8.4. Denote by d dτ the covariant derivative with respect to the trivial connection on π
as k → ∞ where the norm is the norm taken as the operator
Proof. The proof is similar to that of Proposition 8.2 and so omitted.
Now if we suppose that η k converges to a section
1 , then we get the following equation
9. The three-interval method in the application of proving exponential decay at cylindrical ends
The three-interval method is based on the following so-called the three-interval lemma which we learn from [MT, Lemma 9.4 ].
Lemma 9.1 (Three-interval). For any sequence of nonnegative numbers x k , k = 0, 1, · · · , N , if there exists some fixed constant γ ∈ (0, 1 2 ) such that the inequality
holds for all 1 ≤ k ≤ N − 1. Then we have (1) If we write γ = γ(c) := 1 e c +e −c for some c > 0, then the conclusion can be written into the exponential form
(2) For any bounded infinite sequence {x k } k=0,1,··· with the three-interval inequality (9.1) holding for every k, then we have
which is the case we are going to use for our purpose.
In our consideration below, roughly speaking, we are going to look at
where w k (τ, t) := w(k + τ, t) on [0, 1] × S 1 are defined as in Section 6.
Lemma 9.3. If for such
, we have proved that x k ≤ x 0 e −ck for any k = 0, 1, · · · , where c > 0 is some constant. Then
where C l and c l are some constants depending on l and (M, λ, J), but independent of w.
Proof. We first note that the section ζ := π ∂w ∂τ satisfies the fundamental equation (4.4)
. We apply the local elliptic bootstrapping for the elliptic operator
to ζ inductively over ℓ ∈ N for the pair of the compact domains
and derive the conclusion. The uniform C ∞ convergence results obtained in Corollary 6.5 then give rise to the uniformity of the constants C ℓ independent of k. This finishes the proof of the independence of C ℓ on the map w.
In the rest of this section, we are going to apply the three-interval method to prove the assumption of the above lemma, i.e., x k ≤ x 0 e −ck , for some c > 0.
First, if the bounded infinite sequence {x k } defined above satisfies the threeinterval inequality (9.1) for some choice of 0 < δ < 1, then by using Lemma 9.1, in particular Remark 9.2 (2), we are done. Now assume that (9.1) is not satisfied by every triple (k − 1, k, k + 1). We collect all the triples that reverse the direction of the inequality. If such triples are finitely many, in another word, (9.1) holds after some large k 0 , then we will still get the exponential estimate as we want.
Otherwise, there are infinitely many such triples, which we enumerate by {(l k − 1, l k , l k + 1)}, such that
Before we deal with this case, we first remark that this hypothesis in particular implies π
Follow the notation in Section 8
we rewrite it as ∇ 
.
Next we translate them to be a sequence of sections defined on [0, 3] × S 1 as
We have now
* ξ) to itself. By applying Theorem 6.4 and further taking subsequence (but we still denote by {l k }), we obtain a (non-degenerate) Reeb orbit γ such that of w l k (τ, t) → γ(T t) uniformly on [0, 3] × S 1 . Now by using the uniform L ∞ -bound of the sequence ζ k , we can apply Proposition 8.2 in Section 8, and show that (9.4) lead to
where A ∞ is the linearization operator along the limiting Reeb orbit γ (A z in Section 8), and ζ ∞ (τ, ·) is a nonzero section of z * ξ → S 1 for every τ ∈ [0, 3] . From the fact that ζ ∞ as the subsequence limit of ζ k , it also follows
(9.6) Since A ∞ is assumed to be a (unbounded) self-adjoint operator on L 2 (S 1 , γ * ξ) with its domain W 1,2 (S 1 , γ * ξ), let {e i } be its orthonormal eigen-basis of L 2 (S 1 , γ * ξ) with respect to A ∞ , and we consider the eigen-function expansion of
for each τ ∈ [0, 1], where e i are the eigen-functions associated to the eigenvalue λ i with 0
By plugging such ζ ∞ into (9.5), we derive that
and by the decreasing property of γ, we get
Since ζ ∞ ≡ 0, this contradicts to (9.6), if we choose 0 < δ < λ 1 at the beginning. This finishes the proof.
We end this section by the following remark.
Remark 9.4. In [OW2] , the authors generalize the three-interval method so that it also applies to the case with an exponentially decayed perturbation term added to the evolution equation (the fundamental equation in the current case). The differential inequality method of proving the exponential decay of that case is presented in [RS] .
Exponential decay of the Reeb component
In this section, we prove the exponential decay of the Reeb component w * λ of any contact instanton with vanishing charge.
We define a complex-valued function
Then using the relation * dw * λ = |ζ| 2 from Proposition 3.2 and the equation d(w * λ• j) = 0, we notice that θ satisfies the equations 
Proof. Denote by η := ∂θ ∂τ , then (10.1) indicates J 0 η = J 0 µ + ∂θ ∂t , and with direct calculations, we can write
where by (· · · ) we mean some functions can be calculated explicitly but we omit here for it is not used. Since we have
by Wirtinger's inequality it follows
Hence we get
and further
Notice that the last two terms on the right hand side exponentially decays since the assumption. After integrating (10.2) over S 1 , we have now
|η| 2 + some exponentially decay terms.
Then the exponential decay of S 1 |η| 2 follows from some standard tricks of dealing with differential inequality with an exponential decay term (e.g., see [RS] for details of the derivation). Together with lim τ →+∞ θ = 0, the exponential decay of S 1 |θ| 2 follows.
Remark 10.2. We emphasize that this baby model of degenerate type (the section we look at here is contained in the eigenspace of eigenvalue 1 of the full linearized operator given in Section 7) already indicates some important ideas that need to be clarified in the more general setting named the Morse-Bott case, where the linearized operator along the Reeb orbit has a nontrivial kernel in the tangent plane of the Reeb foliated submanifold. The idea of looking at the derivatives ( ∂θ ∂τ here) instead of the original section itself (θ here) is one essential point when dealing with the asymptotic estimates for degenerate directions. Unlike this baby model, for which the original Wirtinger's inequality can be easily derived and directly applied, the general Morse-Bott case needs much more subtle considerations, which is mainly due to the lack of suitable geometric coordinates to conduct analysis. In [HWZ4] , [Bo] , the authors there use special coordinates around one Reeb orbit to prove the exponential decay of Morse-Bott case. In the midst of complicated coordinate calculations, it is hard to see the geometry behind the coordinate calculations.
On the other hand, the present authors construct the canonical geometric coordinates in terms of the center of mass for loops in contact manifolds and provide a new proof of the exponential decay for the Morse-Bott case (with the help of the three-interval method developed in this paper), which makes the geometric meaning become much clearer. Moreover, we believe this geometric observation will lead to a much better understanding of contact instantons in contact manifolds (or pseudo-holomorphic curves in symplectizations) that related many standard issues such as compactification and gluing, etc.
The exponential decay in C ∞ -sense follows from the elliptic bootstrapping by keeping applying Lemma 10.1.
C
0 exponential convergence of w (and of a)
11.1. C 0 exponential convergence of the map w. The following is the main proposition we prove here.
Proposition 11.1. Under Hypothesis 6.2, for any contact instanton w with vanishing charge, there exists a unique Reeb orbit z(·) = γ(T ·) :
Proof. We start with claiming that for each t ∈ S 1 , w(·, t) is a Cauchy sequence. If this claim is not true, then there exist some t 0 ∈ S 1 and some constant ǫ > 0, sequences {τ k }, {p k } such that
Then from the continuity of w in t, there exists some l > 0 small such that
Hence we can take τ k large and get contradiction. Now by using the subsequence convergence from Theorem 6.4, we can pick an arbitrary subsequence {τ k } and z ∈ Z such that w(τ k , t) → z(t), k → ∞ uniformly in t. Then immediately from the fact that w(·, t) is a Cauchy sequence for any t, we get for any t ∈ S 1 ,
What left to show is just this convergence is uniform in t, i.e., it is in C 0 (S 1 ) sense. Assume this is not true. Then there exist some ǫ > 0 and some sequence (
1 , we can further take subsequence, still denote by t k , such that t k → t 0 ∈ S 1 . We can take k large such that
and so we can make it less than 1 2 ǫ by taking k large. On the other hand, we have
which gives contradiction to the pointwise convergence. This finishes the proof.
11.2. C 0 exponential convergence of a in the symplectization case. Finally we relate our general study of contact Cauchy-Riemann map to the special exact case, i.e. the case of maps (a, w) into the symplectization R × M .
In other words, we prove the C 0 convergence of a, assuming that
In this case, we have w * λ( ∂ ∂t ) = ∂a ∂τ , w * λ( ∂ ∂τ ) = − ∂a ∂t and the pair (a, w) satisfies the standard pseudo-holomorphic curve equation Take τ + → +∞ and using the C 0 convergence of w part, i.e., Proposition 11.1, we get d(w(τ, t), z(t)) ≤ C δ e −δτ .
This proves the first inequality. Similarly, we have
where the last inequality comes from the C 0 exponential decay of w * λ( ∂ ∂t )(s, ·) − T in 11.2. By taking τ + → +∞, we are done with the proof of the second inequality.
Part 3. Appendix
The Weitzenböck formula for vector valued forms
In this appendix, we recall the standard Weitzenböck formulas applied to our current circumstance. A good exposition on the general Weitzenböck formula is provided in Appendix of [FU] .
Assume (P, h) is a Riemannian manifold of dimension n with metric h, and D is the Levi-Civita connection. Let E → P be any vector bundle with inner product ·, · , and assume ∇ is a connection of E which is compatible with ·, · . For any vector bundle E-valued form s, calculate the (Hodge) Laplacian of the energy density of s and we get − 1 2 ∆|s| 2 = |∇s| 2 + T r∇ 2 s, s ,
where for |∇s| we mean the induced norm in the vector bundle T * P ⊗E, i.e., |∇s| 2 = Σ i |∇ Ei s| 2 with {E i } an orthonormal frame of T P . T r∇ 2 denotes the connection Laplacian, which is defined as T r∇ 2 = Σ i ∇ k (E) the space of E-valued k-forms on P . The connection ∇ induces an exterior derivative by
It is not hard to check that for any 1-forms, equivalently one can write
where v 1 , v 2 ∈ T P .
We extend the Hodge star operator to E-valued forms by * : Ω k (E) → Ω n−k (E) * β = * (α ⊗ ζ) = ( * α) ⊗ ζ for β = α ⊗ ζ ∈ Ω k (E). Define the Hodge Laplacian of the connection ∇ by
where δ ∇ is defined by
The following lemma is important for the derivation of the Weitzenböck formula.
Lemma 12.1. Assume {e i } is an orthonormal frame of P , and {α i } is the dual frame. Then we have
Proof. Assume β = α ⊗ ζ ∈ Ω k (E), then
so we have proved the first one.
For the second equality, we compute
= (δα) ⊗ ζ + (−1) nk+n+1 * (−1) n−k ( * α) ∧ ∇ζ = −Σ i e i ⌋∇ ei α ⊗ ζ + Σ i (−1) nk−k+1 * (( * α) ∧ α i ) ⊗ ∇ ei ζ = −Σ i e i ⌋∇ ei α ⊗ ζ − Σ i e i ⌋α ⊗ ∇ ei ζ = −Σ i e i ⌋∇ ei (α ⊗ ζ).
and then we are done with this lemma.
Theorem 12.2 (Weitzenböck Formula). Assume {e i } is an orthonormal frame of P , and {α i } is the dual frame. Then when apply for any vector bundle E-valued forms ∆ ∇ = −T r∇ 2 + Σ i,j α j ∧ (e i ⌋R(e i , e j )·)
where R is the curvature tensor of the bundle E with respect to the connection ∇.
Proof. Since the right hand side of the equality is independent of the choice of orthonormal basis, and it is a pointwise formula, we can take the normal coordinates {e i } at a point p ∈ P (and {α i } the dual basis), i.e., h ij := h(e i , e j )(p) = δ ij and dh i,j (p) = 0, and prove such formula holds at p for such coordinates. For the LeviCivita connection, the condition dh i,j (p) = 0 of the normal coordinate is equivalent to let Γ For β ∈ Ω k (E), using Lemma 12.1 we calculate
Local coercive estimates
In this appendix, we give the proof of Proposition 5.2 which we restate here. 
for any contact instanton w, where C 1 (D 1 , D 2 ), C 2 (D 1 , D 2 ) are some constants given in (14.1), which are independent of w.
Proof. For the pair of given domains D 1 and D 2 , we choose a smooth cut-off function χ : D 2 → R such that χ ≥ 0 and χ ≡ 1 on D 1 , χ ≡ 0 on D 2 − D. Multiplying χ to (5.11) and integrating over D 2 , we get
χ∆e.
We now deal with the last term D2 χ∆e. Since and we are done with the proof.
